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Dynamic Superelement Modeling Method
for Compound Dynamic Systems

Zu-Qing Qu ¤ and R. Panneer Selvam†

University of Arkansas, Fayetteville, Arkansas 72701

A dynamic superelement modeling method for compound dynamic systems, which include springs, dampers,
rigid and � exible substructures, and so on, is proposed. In this method, the � nite element models of the � exible
substructures in the system are � rst reduced in physical space to formulate their respective superelements. Then
they are assembled to the global� nite element modelof the system directly, just like commonelements. The reduced
� nite element model obtained from the proposed method is much smaller than the global model in dimension and
can retain the dynamic characteristics in the low- and middle-frequency range of the global model. Because an
iterative scheme is applied for the dynamic superelement modeling technique, its accuracy is much higher than
for the static technique. Another advantageof this method is that the reduced model is still de� ned in the physical
space. Numerical examples, including a � oating raft isolation system and a tall building with one tuned mass
damper are also included. The results show that the proposed dynamic superelement modeling method is ef� cient
for compound systems and that its accuracy is much higher than the static method.

Nomenclature
C = (n £ n) damping matrix of the full model of building
CP = [(n + 1) £ (n + 1)] damping matrix of the full model

of building with tuned mass damper (TMD)
cTMD = damping of tuned mass damper
D = (n £ n) dynamic stiffness matrix of the full model

of substructure
DS = (k £ k) dynamic stiffness matrix of superelement
d = number of the deleted degrees of freedom of each

superelement
f , F = external force vector
I = (k £ k) identity matrix
K = (n £ n) stiffness matrix of the full model of substructure
KP = [(n + 1) £ (n + 1)] stiffness matrix of the full model

of building with TMD
KS = (k £ k) stiffness matrix of superelement
K̄ = stiffness matrix of the global model of � oating raft

isolation system
k = number of the kept degrees of freedom of each

superelement
kTMD = stiffness of tuned mass damper
M = (n £ n) mass matrix of the full model of substructure
MP = [(n + 1) £ (n + 1)] mass matrix of the full model

of building with TMD
MS = (k £ k) mass matrix of superelement
M̄ = mass matrix of the global model of � oating raft isolation

system
mTMD = mass of TMD
q = eigenvalue shifting
R = (d £ k) relation matrix
RD = (d £ k) relation matrix with eigenvalue shift
T = (n £ k) coordinate transformationmatrix
ÇX = velocity response vector
x, X = displacement response vector
ẍ, Ẍ = acceleration response vector
x = natural frequency
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Subscripts

d = parameters associated with the deleted degrees
of freedom

j = j th natural frequency
k = parameters associated with the kept degrees of freedom

Superscripts

i = i th approximation
T = matrix transpose
0 = initial approximation
¡ 1 = inverse of matrix

I. Introduction

A FINITE elementmethod is valid for almost any complexstruc-
ture. The dynamic characteristics obtained from the � nite el-

ement model can accurately approach the real within a wide fre-
quency range. However, to make sure the results have the necessary
accuracy, the � nite element model is usually very large for complex
structures or systems.1 This will lead to many dif� culties in further
analysis.Hence, many reductionmethods have been proposed to re-
duce the analyticalmodel. The most popular reduction methods are
dynamic substructuringor componentmode synthesis2 and reduced
basis methods such as the dynamic condensationmethod.3 , 4

The superelementmodelingmethod is a combinationof substruc-
turing and dynamic condensation techniques. In this method, the
structure is � rst divided into a number of smaller substructures.For
each substructurethe nodes that are common to adjoiningsubstruc-
tures are called boundary nodes. The degrees of freedom of these
nodes are called boundary degrees of freedom. The nodes that are
not at the boundary of a substructure are called interior nodes. The
associateddegreesof freedomarecalledinteriordegreesof freedom.
Then the interior degrees of freedom of each substructureare trans-
ferred to its boundary by a static or dynamic condensationmethod,
resulting in a reduced model that has a much lower number of de-
gree of freedom than the substructure. The reduced model is the
so-called superelement. Finally, the superelements are assembled
into the global model directly, just as common elements would be.
The size of the reduced dynamic model obtained from this method
is usuallymuch smaller than the global model deriveddirectly from
the � nite element method.

Based on Guyan3 and Irons4 condensation method, a static su-
perelementmodelingmethod was proposedand applied to topology
optimization, regular meshing patterns exploitation, and � nite ele-
ment modeling by Yang and Lu,5 Liu and Lam,6 and Corn et al.,7
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respectively.Because the inertia terms are ignored in Guyan3/Irons4

condensation,the superelementis onlyexact for static problems.For
dynamic problems, the accuracy is usually very low and deeply de-
pendent on the selection of kept degrees of freedom. Improperly
kept degrees of freedom or an insuf� cient number of them would
result in serious errors.

Based on simpli� ed dynamic condensation method, Lu8 pre-
sented a kind of superelement modeling method. The simpli� ed
dynamic condensationcan take into account some dynamic effects
on the deleted degrees of freedom of substructures by means of
linearizing their nonlinear eigenequations.The accuracy of this su-
perelement is higher than the static method. However, the lineariza-
tion is only valid in a very limited frequency range. Another disad-
vantageof this method is that the eigenproblemsassociatedwith the
deleted degreesof freedom should be solved for every substructure.
This is very time consuming.

A dynamic superelementmodeling method is proposed for com-
pound dynamic systems in this paper. In this method, the dynamic
superelement is obtained by a successive iteration. Because partial
inertia terms are considered in this superelement, its accuracy is
much higher than in the static method. The reduced model resulting
from the proposed method can be applied to dynamic analysis in
time and frequency domains, passive and active vibration control,
test–analysis model correlation, and so on. Two numerical exam-
ples,one for anundampedsystemand the otherfor a viscousdamped
system, are considered to illustrate the ef� ciency of the proposed
method.

II. Static Superelement
Suppose that the dynamic equation of an undamped substructure

is

Mẍ + Kx = f (1)

where f is an external force vector and x and ẍ are the displacement
and accelerationresponsevectorsof the substructureunder the force
f . If the total degrees of freedom (n) of the full model are divided
into the kept and deleted degrees of freedom and denoted by k and
d , respectively, dynamic Eq. (1) can be rewritten in a partitioned
form as

³
Mkk Mkd

Mdk Mdd

´»
ẍk

ẍd

¼
+

³
Kkk Kkd

Kdk Kdd

´»
xk

xd

¼
=

»
fk

fd

¼
(2)

Usually, the kept degreesof freedomshould include1) the boundary
degrees of freedom, 2) those degrees of freedom on which the ex-
cited forces are located, and 3) those degrees of freedom on which
the displacementsare of interest. Based on the selection of the kept
degrees of freedom, the subvector fd is zero. Hence, the second
equation of Eq. (2) is

Mdk ẍk + Mdd ẍd + Kdkxk + Kdd xd = 0 (3)

which leads to

xd = ¡ K ¡ 1
dd (Mdk ẍk + Mdd ẍd + Kdk xk) (4)

Letting

ẍd = 0, ẍk = 0 (5)

in Eq. (4), we have

xd = ¡ K ¡ 1
dd Kdk x ´ R(0)xk (6)

The relationmatrixde� ned in Eq. (6) is identicalto thecondensation
matrix in theGuyan3/Irons4 condensationmethod.The inertiaforces
in Eq. (4) are ignoredwhenobtainingthe relationmatrixR(0) . Hence,
the matrix is exact only for static problems.For dynamic problems,
its accuracywill decreasewith the increaseof thenaturalfrequencies
of structures or systems.

De� ning coordinate transformationmatrix T(0) as

T(0) =
³

I

R(0)

´
(7)

The displacement vector x and acceleration vector ẍ can be ex-
pressed as

x = T(0)xk , ẍ = T(0) ẍk (8)

IntroducingEq. (8) into Eq. (1) and premultiplyingboth sides of the
equation by the transpose of matrix T(0) , one has

M(0)
S ẍk + K(0)

S xk = fk (9)

where K(0)
S and M(0)

S are stiffness and mass matrices of the static
superelement. They are de� ned as

K(0)
S =

¡
T(0)

¢T
KT(0) , M(0)

S =
¡
T(0)

¢T
MT(0) (10)

Research9 shows that the accuracyof the staticsuperelementde� ned
in Eq. (10) is usually very low and dependenton the selectionof the
kept degrees of freedom. If they are selected improperly, the error
of the superelement is usually very large.

III. Dynamic Superelement
To improve the accuracy of the static superelement, the relation

matrix R(0) is modi� ed as follows.
The free vibration of the superelement corresponding to Eq. (9)

is

M(0)
S ẍk + K(0)

S xk = 0 (11)

Equation (11) leads to

ẍk = ¡
¡
M(0)

S

¢ ¡ 1
K(0)

S xk (12)

By differentiating both sides of Eq. (6) with respect to time twice,
one obtains

ẍd = R(0) ẍk (13)

Substituting Eq. (12) into the right side of Eq. (13), we have

ẍd = ¡ R(0)
¡
M(0)

S

¢ ¡ 1
K(0)

S xk (14)

By considerationof Eqs. (12) and (14), Eq. (4) can be rewritten as

xd = K ¡ 1
dd

¥¡
Mdk + MddR(0)

¢¡
M(0)

S

¢ ¡ 1
K(0)

S ¡ Kdk

¦
xk (15)

According to the de� nition of the relation matrix R in Eq. (6), its
� rst approximation results from Eq. (15) as

R(1) = K ¡ 1
dd

¥¡
Mdk + MddR(0)

¢¡
M(0)

S

¢ ¡ 1
K(0)

S ¡ Kdk

¦
(16)

The � rst-order approximationof stiffness matrix K(1)
S and mass ma-

trix M(1)
S of the superelement can be obtained from Eqs. (7) and

(10) by using relation matrix R(1) . The accuracy of the matrices
K(1)

S and M(1)
S is higher than the matrix K(0)

S and M(0)
S because the

inertia forces are considered partially in relation matrix R(1) . It can
be proven simply that the relation matrix R(1) is the same as the
dynamic condensationmatrix de� ned in Ref. 10.

Repeating the procedure from Eqs. (7–16) i ¡ 1 times, the i th
approximation of the relation matrix, stiffness, and mass matrices
of superelement are de� ned as

R(i ) = K ¡ 1
dd

¥¡
Mdk + MddR(i ¡ 1)

¢¡
M(i ¡ 1)

S

¢ ¡ 1
K( i ¡ 1)

S ¡ Kdk

¦
(17)

T(i) =

³
I

R(i)

´
(18)

K( i)
S =

¡
T(i)

¢T
KT(i) , M(i)

S =
¡
T(i)

¢T
MT(i ) (19)

It is shown in Eqs. (6) and (17) that an inversion of matrix Kdd

is required for a relation matrix. When the number of rigid de-
grees of freedom of the substructures is larger than the number of
kept degrees of freedom, the matrix is singular and cannot be in-
verted directly. Hence, an eigenvalue shifting technique is needed
and Eq. (17) should be rewritten as

R(i )
D = D ¡ 1

dd

¥¡
Mdk + MddR(i ¡ 1)

D

¢¡
M(i ¡ 1)

S

¢ ¡ 1
D(i ¡ 1)

S ¡ Ddk

¦
(20)
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where

R(0)
D = ¡ D ¡ 1

dd Ddk (21)

Ddd = Kdd + qMdd , Ddk = Kdk + qMdk (22)

D(i ¡ 1)
S = K(i ¡ 1)

S + qM( i ¡ 1)
S (23)

In Eqs. (22) and (23), q is an eigenvalueshifting.Usually it is a small
positive number. When q =0, Eq. (20) is equivalent to Eq. (17).

The iterative scheme for the modeling of compound systems is
as follows:

1) Divide the compound system into several substructures.Usu-
ally, one � exible object is considered one substructure.

2) Formulate the initial approximation of the stiffness and mass
matrices of the superelement by using Eq. (10).

3) Assemble the global model of the compound system by using
the superelements and other components. Calculate the initial ap-
proximate natural frequencies x (0)

j ( j =1, 2, . . . , p) of the system.
4) For i =1, 2, . . . , begin the iterationas follows: a)Calculate the

i th approximationof the stiffnessand mass matrices of the superele-
ment by using Eqs. (17–19). b) Assemble the global model of the
compound system by using the dynamic superelements and other
components. c) Calculate the i th approximate natural frequencies
x ( i)

j of the system. d) Check the convergenceby using the criterion

ê
ê x

(i)
j ¡ x (i ¡ 1)

j
ê
ê

x (i )
j

· e ( j = 1, 2, . . . , p) (24)

where e is an error tolerance. If the given p frequencies converge,
exit the iteration loop.

Although the natural frequencies of the reduced model are com-
puted in the iterative scheme, the purpose of the present scheme is
not for the frequenciesbut for the reducedmodel. These frequencies
are used to make sure that the dynamiccharacteristicsof the reduced
model are close to the global model.

IV. Numerical Examples
A. Floating Raft Isolation System

A � oating raft isolation system, which has been developed dur-
ing the past 20 years, is an ef� cient tool for vibration isolation
and noise reduction. It can effectively isolate the vibrations of the
host and auxiliary machines and reduce the structuralnoise of ships
and submarines. The � oating raft isolation system will protect the
equipment in ships or submarines from damage and let them work
normally when the ships or submarines are subjected to strong ex-
ternal loads or shocks. It will likely be one of the key techniquesfor
protecting ships and, particularly, submarines, in the future.9

The � oating raft isolation system is a compound dynamic sys-
tem. It contains springs, dampers, machines to be isolated, a raft
frame, and a foundation. It is very dif� cult to construct a reason-
able dynamic model for it using a multirigid method or elastic wave
analysis method given that the raft frame and foundation are a little
more complex and their elasticity has to be considered.10

A speci� c � oating raft isolation system is applied here. Its
schematic is shown in Fig. 1. For convenience, the damping is not
consideredfor this example.The machinesto be isolatedaredenoted
m1 =100 kgandm2 =120kg.A andB are rectangularplatesandde-
note the raft frame and base, respectively.Their lengths,widths, and

Fig. 1 Schematic of a � oating raft isolation system.

Fig. 2 Finite element model
of the raft frame (plate A).

Fig. 3 Finite element model of the base (plate B).

thicknessesare 1.2, 0.8, and 0.02 m and 2.8, 0.8, and 0.04 m, respec-
tively. Their modulus of elasticity =2.0E11 N/m2, and their mass
density =7800 kg/m3 . Here, k1 =1.0E5 N/m and k2 =5.0E5 N/m.
The two short sides of plate B are simply supported, and the two
long sides are free. The four sides of plate A are all free.

The � nite element model of the raft frame is shown in Fig. 2.
The model has 24 rectangular elements, 35 nodes, and 105 degrees
of freedom. The nodes that are connected with spring and damper
I, k1 , and c1 , are 17 and 19. The nodes those are connected with
spring and damper II are 1, 3, 5, 7, 15, 17, 19, 21, 29, 31, 33, and
35. The displacements in Z direction at the 12 nodes are selected
as the kept degrees of freedom. Several more degrees of freedom
can be also selected if necessary. Assuming the stiffness and mass
matrices of the superelement, KA and MA are calculated with the
proposed method in Sec. III.

The � nite elementmodel of the base is shown in Fig. 3. The model
has 14 rectangular elements, 24 nodes, and 72 degrees of freedom.
The nodes those are connected with spring and damper II are 7,
12, 13, 18, 8, 11, 14, 17, 9, 10, 15, and 16. The displacements in
Z direction at the 12 nodes are selected as the kept degrees of free-
dom. Assuming the stiffnessand mass matricesof the superelement,
KB and MB are calculated with the method described in Sec. III.

After the superelements of the raft frame and the base are for-
mulated, they can be assembled to the global stiffness and mass
matrices of the � oating raft isolation system directly, that is,

K̄ =

2

6664

KA 0 0 0

0 KB 0 0

0 0 0 0

0 0 0 0

3

7775
+ KC (25a)

M̄ =

2

6664

MA 0 0 0

0 MB 0 0

0 0 0 0

0 0 0 0

3

7775
+ MC (25b)

KC and MC are the stiffness and mass matrices pertaining to the
springs and machines.

If the mesh of the raft frame and base is the same as that shown
in Figs. 2 and 3, the global � nite element model of the � oating raft
isolation system has 179 degrees of freedom. However, the reduced
� niteelementmodelconstructedby usingthedynamicsuperelement
method has 26 degrees of freedom, which is much fewer than the
global model. The lower 20 natural frequenciesbased on the global
model are listed in Table 1 and are consideredexact for comparison
purposes. The 20 lower natural frequencies of the reduced model
are also calculated. The errors, that is,

error = ( x reduced ¡ x exact) / x exact (26)
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Table 1 Lower frequencies of the
global model

Order Frequency, Hz

1 4.3746
2 4.8912
3 10.756
4 36.054
5 36.309
6 37.947
7 53.555
8 66.699
9 84.947
10 86.401
11 111.13
12 124.77
13 167.38
14 179.05
15 198.13
16 201.35
17 203.48
18 235.94
19 295.76
20 297.41

Fig. 4 Errors of the frequencies of reduced model for different cases.

are shown in Fig. 4. In Fig. 4, A, B, C, and D denote the four cases
that i =0, 1, 2, and 3 in Eqs. (17–19).

Five conclusions can be drawn from Fig. 4:
1) The accuracy of the � ve lower natural frequencies, which are

obtained from the reduced � nite element model based on the initial
approximation of the superelement, is very high. Their errors are
all less than 0.6%. However, the errors become larger and larger
with an increase in frequency. The error of the 20th frequency, for
example, is 22.4%.

2) Generally, theaccuracyof the reducedmodel increaseswith the
increase of the iteration number i . The errors of the 20th frequency
of the reduced� nite elementmodelbasedon the superelementof the
initial, � rst, second, and third approximation are 22.4, 3.76, 0.804,
and 0.221%, respectively. The accuracy has improved about 100
times after 3 iterations.

3) When iteration is applied, the accuracy of the middle and high
frequencies of the reduced model improves quickly. However, this
does not have much of an effect on the accuracy of the low fre-
quencies. Particularly, the accuracy of three low frequencies of the
reduced model is reduced when iterations are adopted. The reason
might be that the iteration of the superelements is not convergent
for rigid frequencies and modes when substructuresor subsystems
have rigid degrees of freedom. This will be discussed in detail in
another paper. Fortunately, the errors of these frequencies are still
less than 0.04% and have little effect on the accuracy of responses.
The accuracy is enough for further dynamic analysis.

4) The errors of the low and middle frequencies of the reduced
model will be less than 1% when only a few iterations, two or
three, for example, are applied. This accuracy is enough for use in
engineering.

Fig. 5 FRFs for different cases.

Fig. 6 Tall buildingwith TMD.

5) All of the errors of the frequencies are positive. This means
that the results of the reduced � nite element model approach those
of the global model mentioned earlier.

The frequency response functions (FRFs) for the four cases are
shown in Fig. 5. The excitedforce is locatedon m1 in the Z direction
and the response degree of freedom is the displacement at node 11
in the same direction. For convenience, only the absolute values of
FRFs are shown in Fig. 5. In Fig. 5, curve A denotes the exact FRF
that is calculated by using the global model. Curves B, C, and D
denote theFRFs obtainedfrom the reducedmodelwhen the iteration
number is 0, 1, and 2. Obviously, the errors of the FRF for the initial
approximation are very large. The � rst approximation improves in
accuracy quickly. The FRF for the second approximation is very
close to exact. The results show that the iteration can ef� ciently
improve the accuracy of the reduced model by use of the classical
superelement.

B. Tall Building with Tuned Mass Damper
The proposedmethodhas also been testedon a 40-storytall build-

ing with a tuned mass damper (TMD)11 shown in Fig. 6. Each story
unit of the building is identically constructed with a story height
of 4 m, mass m i =1290 ton, stiffness ki =106 kN/m, and damping
ci =14260 kN ¢ s/m for i =1, 2, . . . , 40. The building is symmet-
ric in both lateral directions and the mass center coincides with the
elastic center, so that there are no coupled lateral– torsionalmotions.
Only the motion in one direction will be considered. The mass of
the damper is 258 ton, which is 20% of a � oor mass. The stiff-
ness and damping coef� cient of the damper are 300.9 kN/m and
83.592 kN ¢ s/m, respectively.

If M, C, and K are taken as the mass, damping, and stiffness
matrices of the building without TMD, and their orders are n £ n,
the dynamic equation of the system shown in Fig. 6 is

MpẌ(t ) + CP ÇX(t ) + KP X(t) = F(t ) (27)
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Table 2 Comparison of eigenvalues resulting from two models

Exact (i = 0) (i = 1) (i = 2)

Order Real Imaginary Real Imaginary Real Imaginary Real Imaginary

1 ¡ 0.0294 1.0719 ¡ 0.0297 1.0737 ¡ 0.0294 1.0719 ¡ 0.0294 1.0719
2 ¡ 0.1418 1.0771 ¡ 0.1416 1.0769 ¡ 0.1419 1.0771 ¡ 0.1419 1.0771
3 ¡ 0.0768 3.2386 ¡ 0.0788 3.2814 ¡ 0.0767 3.2387 ¡ 0.0767 3.2387
4 ¡ 0.2090 5.3878 ¡ 0.2246 5.5841 ¡ 0.2089 5.3880 ¡ 0.2089 5.3878
5 ¡ 0.4066 7.5256 ¡ 0.4660 8.0532 ¡ 0.4068 7.5279 ¡ 0.4066 7.5257
6 ¡ 0.6683 9.6469 ¡ 0.8255 10.7129 ¡ 0.6708 9.6646 ¡ 0.6685 9.6484
7 ¡ 0.9925 11.7472 ¡ 1.3106 13.4808 ¡ 1.0086 11.8403 ¡ 0.9951 11.7621
8 ¡ 1.3772 13.8219 ¡ 1.8620 16.0416 ¡ 1.4455 14.1546 ¡ 1.3979 13.9230

where F(t) is external force vector.The mass and damping matrices
are de� ned as

MP =
³
M 0

0 mTMD

´
, CP =

³
Ca Cb

Cc cTMD

´
(28a)

ca (i, j ) = c(i, j ), (i £ j < n2)

ca (i, j ) = c(i, j ) + cTMD, (i £ j = n2)

(i, j = 1, 2, . . . , n) (28b)

Cc = CT
b =

8
<

:0, 0, . . . , 0| {z }
n ¡ 1

, ¡ cTMD

;
=

;
(28c)

where ca (i, j ) and c(i, j ) denote the i th row, j th column element
of matrices Ca and C, respectively.The stiffness matrix Kp can be
de� ned by comparing with damping matrix Cp . Here, mTMD, cTMD,
and kTMD are the mass, damping,and stiffnessmatrices of the TMD.

If the building is viewed as a substructure, the mass, damping,
and stiffness matrices of the corresponding dynamic superelement
are de� ned as

M(i )
S =

¡
T(i )

¢T
MT(i) , C(i)

S =
¡
T(i)

¢T
CT(i )

K(i)
S =

¡
T(i)

¢T
KT(i ) (29)

where T(i ) is the i th approximationof the coordinate transformation
matrix de� ned by Eq. (18). The degreesof freedomcorrespondingto
the 5th, 10th, 15th, 20th, 25th, 30th, 35th, and 40th � oor are selected
as the kept degrees of freedom of the dynamic superelement.

The dynamicequationof the reducedsystembyusingthedynamic
superlementmodeling method is

M(i)
S P Ẍm(t ) + C(i )

S P
ÇXm (t ) + K(i )

S P Xm (t) = F(i)
S (t ) (30)

where

M(i)
S P =

"
M(i )

S 0

0 mTMD

#

, C( i)
S P =

"
C(i)

Sa C(i)
Sb

C(i)
Sc cTMD

#
(31a)

c(i )
Sa (i, j ) = c(i)

s (i, j ), (i £ j < m2)

c( i)
Sa(i, j ) = c(i)

S (i, j ) + cTMD, (i £ j = m2)

(i, j = 1, 2, . . . , m) (31b)

C(i)
Sc =

¡
C(i)

Sb

¢T
=

8
<

:0, 0, . . . , 0| {z }
m ¡ 1

, ¡ cTMD

;
=

;
(31c)

F(i)
S (t ) = Fk (t ) +

¡
R(i )

¢T
FS(t ) (31d)

Here the force submatrix associated with the deleted degrees of
freedom does not equal zero for wind loads because the loads act
on every � oor.

The eigenvaluesof the reducedsystemfor each iterationare listed
in Table 2. For comparison purposes, the former eight eigenvalues
of the full system are also listed. The following three conclusions

Fig. 7 Responses of building under step load.

can be drawn from the results: 1) The accuracyof the initial approx-
imation of the reduced system is very low. Only the former three or
four eigenvalues are close to exact. This means the static superele-
mentmodelingmethod is unacceptablefor this example.2) With the
increase of the iteration, the eigenvalues of the reduced system ap-
proach the eight former eigenvalues of the full model consistently.
3) The eigenvalues of the reduced system are very close to exact
after two iterations. Hence, the reduced model can replace the full
model in low-frequency ranges accurately.

Assume that there is a unit step load acting on the top � oor of
the building. The responses of the � oor resulting from the full and
reduced models are shown in Fig. 7. Obviously, there is a small
difference in the curves between the full model and the reduced
model of the initial approximation.However, the results of the � rst
and second approximation are very close to the exact. This means
the dynamic superelement modeling method is also ef� cient for
dynamic responses of compound systems.

V. Conclusions
A static superelementwas outlined.Because the inertia terms are

ignored in this method, its accuracy is usually very low for dynamic
problems.A dynamicsuperelementmodelingmethod for compound
systems was derived based on an iterative scheme. In this scheme,
the static results are considered the initial approximations of the
dynamic method. The method has � ve advantages:1) The accuracy
of the dynamic superelementmodeling method is much higher than
that of the static. 2) The superelements of the elastic substructures
in a compound system are located in the physical subspace. Hence,
after the superelementsare formulated,they can be consideredcom-
mon elements. 3) The degrees of freedom of the superelement are
much smaller than the full model of the substructures. This makes
the size of the reduced model much smaller than the global model.
4) The dynamic characteristics in the low- and middle-frequency
range of the system can be retained accurately in the reduced � nite
element model. 5) The accuracy of the reduced model with two or
three iterationscan meet engineeringrequirements.It requires a lit-
tle more computationalwork than the static superelement;however,
its accuracy is much higher the static. Numerical examples demon-
strate that the proposed method is ef� cient.
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